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Abstract

This study aims to determine the transient behavior of the blended queue. Priority customers arrive
over time and benefit from a threshold reservation policy, while non-priority ones can be contacted at
any time. We show how to compute the Laplace transforms of the transient probabilities. Using the
uniformization technique, we prove some monotonicty properties of the expected number of customers in
the queue, explaining why the optimal transient reservation threshold should be lower than the stationary
one.
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1 Introduction

For reasons of stability, service capacity should be greater than demand in service systems modeled by
queues. Furthermore, difficulty making accurate forecasts may incentivize decision-makers to over-staff
their services to achieve a high quality of service. One consequence is an agent’s utilization being too low,
leading to long period of idle time. One way to reduce idle capacity is to allow agents to initiate services by
contacting customers. This combination of inbound and outbound customer service provided by a single
group of agents is referred to as the blended queue and is often used to model call centers with inbound and
outbound callers.

The implementation of blended operations comes with operational challenges. Since the number of
customers to be contacted can be considerable, agents may be continually occupied, either serving inbound
customers or contacting outbound ones. In such conditions, when agents can initiate outbound services,
a high degradation of service level for inbound customers will be observed. Initiating outbound services
should therefore be restricted. One routing solution proposed in the queueing literature for this type of
problem is the employment of a threshold reservation policy [1, [4], whereby a certain number of agents,
denoting the reservation level, are not allowed to initiate outbound services.

Various studies have considered the blended queue under a threshold reservation policy to provide

practical insights for the selection of an optimal threshold level. Unlike the previous contributions, we



analyze the blended queue in transient regime. The transient analysis is motivated by the frequency of
changes to the reservation threshold in call centers. [II] explained that the threshold level is reevaluated
every 15 minutes by an automatic call distributor at a call center, while the stationary regime is achieved
within half-hourly or hourly intervals with constant parameters [5, 3]. This means that stationary results
fail to capture the real evolution of the system state and may not allow optimal decisions to be taken for
the selection of the reservation threshold. In particular, the initial state of the system should be considered
to determine the optimal threshold level for a finite time interval. As for stationary studies, we focus
on the optimization problem, which consists of maximizing the rate of served outbound customers, while
maintaining congestion in the queue below a threshold. We measure the congestion by the expected number
of inbound customers waiting in the queue.

First, we determine the Laplace transforms of the transient probabilities in the case with equal service
rates between inbound and outbound customers and when there is no reservation. We express the transient
probabilities in terms of complex integrals and show how these integrals can be computed. The case with
no reservation can serve as a basis for computing the Laplace transforms of the transient probabilities in
the general case, provided that a finite number of equations remains to be solved. The complexity of the
Laplace transforms precludes their use for purposes other than numerical computations.

To overcome this limitation, we consider a truncated approximation of the system and employ a uni-
formization technique to compute the transient probabilities in the equivalent discrete time Markov chain.
Using this technique, we prove by iteration on the elapse of time that the expected number of customers in
the queue is increasing with the arrival rate and the initial number of customers present and is decreasing
and convex in the reservation threshold. These results support our numerical investigations revealing that
in many cases, even when the initial number of customers present is above the manager’s objective, it is
advisable to select a reservation threshold that is lower than or equal to the stationary reservation threshold.
This means that stationary results lead to decisions being taken that are too safe for the service quality of

inbound customers while under-using the service capacity.

2 Literature review

There is a large body of literature on the blended queue, primarily for applications in call centers. The
first formal proof that a threshold-type reservation policy is optimal for maximizing the rate of served
outbound customers with a service level constraint on the inbound customers’ waiting time was by [4]

and [I]. Later, [2], showed the value of this policy in a more general setting with a piecewise-constant



doubly-stochastic arrival rate. With unequal service rates, the optimal policy is also of a threshold type,
but the optimal threshold level should be state-dependent. This result was proven in [9] in a system
wherein inbound customers would balk if they had to wait. However, the complexity of the state-dependent
threshold policy and close proximity in performance between a state-dependent and fixed threshold policy
have led most studies to restrict their investigation to the fixed threshold policy. This was the case for
[14], who investigated a large call blending model and proposed a logarithmic safety staffing rule combined
with a threshold reservation policy that would simultaneously manage having agents’ utilization close to
one, with idle agents almost always present. Extensions of the blended queue model with reservation have
been investigated with retrials [I5], reservation for arriving customers, where delayed ones are viewed as
outbound ones [§], or in combination with outsourcing decisions in a sales environment [12]. In the above
references, the analyses are made in the stationary regime. We should also mention the paper of [I1],
who considered transient experiments through simulations. They showed empirically that changes in the
reservation threshold should be made more slowly than the stationary results suggest from the evolution of
the arrival rate. This paper aims to further investigate this question and provide structural results on the

effect of the reservation threshold on the expected queue length in the transient regime.

3 Model description

We consider a blended queue in the transient regime with a single pool of s homogeneous agents and two
types of customer, referred to as class-1 and class-2 customers. Class-1 customers arrive in the system
according to a Poisson process with rate A. If class-1 customers are not routed to the service immediately
upon arrival, then they will wait in an infinite capacity queue for their turn to be served, with customers
being served in order of arrival. Unlike class-1 customers, we assume that there is an infinite supply of
clags-2 customers, so an available agent can always initiate service with them. The service times of all
class-i customers are assumed to be exponential random variables with rate u; for ¢ = 1,2.

The routing of customers to service is controlled by a priority-reservation threshold policy with reser-
vation parameter ¢ for ¢ = 0,1,---s. The priority is provided to class-1 customers, which means that
agents serve class-1 customers in priority until their queue is empty. Furthermore, class-1 customers benefit
from reservation that determines an agent’s decision at service completion time when the queue is empty.
Specifically, if the number of idle agents (excluding the idle agent considered) is at least ¢, then this agent
initiates the service of a class-2 customer. Otherwise, this agent remains idle. In other words, there are ¢

agents that are reserved for class-1 customers, thus there are at least s — ¢ agents working at any time. We



consider the optimization problem that consists of maximizing the rate of served class-2 customers while
maintaining the expected number of class-1 customers in the queue below a threshold. In the stationary
case, due to Little’s Law [13], this is equivalent to a constraint on the expected waiting time.

In the transient case, we distinguish between a performance measure observed at time t and its average
value on an interval of length ¢t* given an initial condition. In practice, both can be interesting to study.
The former indicates the state of the system to determine the distance with the stationary system, while
the latter informs the experimented performance of past customers. We consider a finite interval of time
I = ]0,t*] and denote by E(Q): and E(N2): the expected number of customers in the queue and number
of agents serving class-2 customers at time ¢ for 0 <t < t*. The expected rate of served class-2 customers
is estimated at time ¢ as E(T'); = puoE(N2)s. It should be noted that although F(Q); and E(N3); can be
determined by the transient probabilities, E(T); is only an estimation of the potential rate of served class-2
from a situation whereby E(N3); are serving class-2 customers. The average values of F(Q); and E(T);
are given by E(Q); = B /t:t* E(Q)dt and E(T); = % /t:t* E(N3)dt, respectively.
t

t* t=0 =0
A state of the system in the blended queue is defined by the couple (z,y), where z is the number of

customers (class-1 + class-2) present in the system and y is the number of class-2 customers present in
service, with 0 <y < s — ¢ < z. We assume that at the beginning of the interval (i.e., at ¢ = 0), the system

is in state (xo,yp), and denote by p;y the transient probability to be in state (x,y) at time ¢ > 0. The



evolution of the system state is governed by the following set of equations:
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These equations are complex to analyze and do not lead to simple solutions due to the two-dimensional
problem. In the particular cases where pu; = puo or when ¢ = 0, we develop a method to obtain the Laplace
transforms of the transient probabilities in Section [d] Having Laplace transforms is interesting as it allows
one particular transient probability to be determined without knowing the complete distribution of the
system state. However, the involved expressions cannot be inverted explicitly. In Section [5] we instead
focus on the equivalent discrete time formulation of Equation in a truncated system. This in turn

allows for a better understanding of the impact of the system parameters.

4 Laplace transforms of the transient probabilities

In this section, we determine the Laplace transforms (LT) of the transient probabilities for particular cases

oo
of the blended queue. We introduce the LT of p;y, qg’y, defined by qz’y = / e_etptz’ydt. Since the LT of

opt . . . .
% is Gquhy — p%y, the set of equations governing the evolution of the system state can be transformed

into a linear system. However, this set of equations is complex and can be solved only through a numerical

procedure. We focus here on two special cases where qg y can be determined. First, we consider the case



with equal service rates between class-1 and class-2 customers, pu; = pue = p, and next we consider the
case without reservation, ¢ = 0. Other cases could be considered. For instance, the case ¢ = s (i.e., full
reservation) corresponds to an M/M /s queue because class-2 customers are not served.

In the general case, the analysis for ¢ = 0 can be employed to express the LT of the transient probabilities
when all agents are busy. However, a finite set of equations remains to be solved, corresponding to situations
where at least one agent is idling and the queue is empty. With the approach developed for the case 1 = o
when at least one agent is idling, we can generate functions, close to A;(6) and B,(0) (see Equations
and ), such that the LT of the transient probabilities are expressed as a linear combination of these
functions. There remains to determine the coefficients of this linear combination. This could be done using
the equations that qgvy satisfy. However, this does not lead to simple relations, nor explicit solutions. The
complexity can already be seen in the computation of the coefficients ¢y j, for k = 0,1,--- , s in the proof of

Proposition [2] in the appendix for the simpler case ¢ = 0.

Analysis with equal service rates. We analyze the case y = pu; = p2, where we do not need to
distinguish between class-1 and class-2 customers in service. Therefore, the Markov chain representing the
evolution of the system state becomes one-dimensional, as y does not need to be specified. We then omit
the index y in quy such that qg expresses the LT of the transient probability of having x customers in the

system. We determine ¢? by solving the following set of equations:
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with ¢/ ,_; = 0 and where the system is at state zq at time ¢ = 0 and J, 4, is the Kronecker symbol defined
by 0z = 1 if £ = x9 and ;. ,, = 0 if * # 9. We express the solutions of and in Proposition [1f in
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where the contour C] is defined as a small circle in the z-plane on which |z| < 1 and C3 is a contour which

goes from —oo — i€ to —oo + i€ for € > 0, encircling z = 1 in the counterclockwise sense.

Proposition 1. The solutions of (@ and (@ are given by
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The expression of A,(f) in (4)) can be obtained explicitly. By expanding (1—2) », we obtain (1—z)
1+ %z + % (% + 1) '22—2, + - --. Therefore, we deduce that
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where I'(z) is the Gamma function defined by I'(z) = / t*“le~tdt. The computation of B,(#) is more
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complex. In the online appendix, we explain how this complex integral can be derived.

Analysis without reservation. We now consider the case without reservation when the service rates
are not necessarily equal. It means that whenever a service is completed, a new service starts either with

a class-1 or class-2 customer. In this case, we need to determine the solutions of the following system:
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B, where

A (s =y +yus +0 — /N + (s — y)pr +yua + 0)2 — 4 (s — )

Zay =

2(s —y)m ’
LAt —ymAypa+ 6+ VO A+ (s —y)m +ype +0)° — A (s —y)
" 2(s —y)m ’
ap = H2Zq k ’ and ﬂk _ 122,k

p1(l = 2o ) — p2 pa(l = 2pp) = p2

Proposition 2. The solutions of (@ and @ are gien by
°\(k
k— _
qz,y - Z( >O‘k Yennzg ",
iy \Y
=y
foryo<y<sor0<y <y andx >x9—yo+y, and
~ (& y y
0 k— — 0 — — 0 — _
oy = Z < )O‘k yck,kch,ks + <y>a58 Ydyo,yoZa,yo T (y> o Cyo.u0 b0
k=y7k7ﬁy0

forOﬁySyo anda:§$o—(y0—y)

In the expressions of qg,y in Proposition [2} the coefficients cg o, c1,1," - , Cs,55 dypyo and ey, 4, remain to
be determined. This can be done by the initial condition and the boundary equations at state x = s and

0 <y < s. The details are provided after the proof of Proposition [2]in the appendix.



5 Discrete time approximation using the uniformization technique

The LT technique presented in Section [ is interesting because it leads to the derivation of the perfor-
mance measures without computing each transient probability [L0]. Furthermore, the case u; = po can
be connected to the analysis of the M/M/s queue, as the M/M/s queue is a special case of the blended
queue with ¢ = s. However, the involved expressions in the LT are difficult to analyze and can only be
used for numerical purposes. In this section, we instead use the uniformization technique, which consists

. .. . . opt Sty —pt .
of discretizing the elapse of time using a parameter ¢ > 0, such that %zt,y A Doy Epz,y_ By letting € tend

to zero, this approximation tends to the exact set of equations governing the evolution of the system state.
This approach is efficient to compute the transient distribution of finite states Markov chain [19, 17} [16 18].
For numerical experiments, to apply this approach for the blended queue, the number of customers in the
queue needs to be bounded with parameter N. The selection of the parameters ¢ and N determines the
quality of the approximation.
After uniformization, the system becomes
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At states x = s+ N and 0 <y < s — ¢, we need to modify the equations as follows:

PNy = (1= ((s =y + yu2)e)psyn,y + Aephyn_1, for 0 <y <s—c.
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In Section we employ this method to investigate the behavior of the transient blended queue and provide
insights on the selection of the optimal threshold level. Next, in Section[5.2] we provide monotonicity results

in the case pu; = uo to support the observations.

5.1 Numerical observations

In Table [I}, we provide the average transient performance measures for different values of n during an
interval of time of one time unit of observation and for the stationary case (i.e., t* = 00). We present a case
where, initially, 4 agents are idling with g = 6 and one where the queue is congested with x¢o = 24. In both

cases, 2 agents are initially busy with serving class-2 customers, yo = 2. We observe the convergence of the

Table 1: Computation of the transient performance measures (u1 = 3, u2 = 4,s = 10,c¢ = 6,t* =1, N = 20)

E(T); E(Q)r

A n=100 n=500 n=1000 t*=oc0 | m=100 n =500 n=1000 ¢*= o0

0.01 | 11.627 11.579 11.557 15.992 0.000 0.000 0.000 0.000

x0,Y0) 10 6.095 6.110 6.105 6.959 0.002 0.002 0.002 0.001
= (6, 2) 20 3.312 3.358 3.362 1.752 0.142 0.140 0.140 0.240
25 2.676 2.729 2.735 0.581 0.483 0.478 0.476 1.716

0.01 3.536 3.613 3.614 15.992 3.226 3.338 3.352 0.000

(o, Y0) 10 2.120 2.192 2.200 6.959 5.159 5.259 5.271 0.001
=(24,2) 20 1.906 1.968 1.975 1.752 8.824 8.875 8.876 0.240
25 1.892 1.953 1.960 0.581 10.990 11.018 11.013 1.716

performance measures as n increases. Since the horizon of observation is short with average performance

measures, the initial condition strongly impacts E(T'); and E(Q), which is observed by the high distance

between the transient and stationary results. As for the stationary case, E(T); decreases and E(Q)s

increases with the arrival rate. Furthermore, the impact of A depends on the initial condition. When the

system is initially with idle capacity, the sensitivity of E( )7 in A is high while the sensitivity of E(Q)s in
A is low. The opposite is true when starting from a congested situation. This suggests that if the system
needs to reset the reservation threshold due to the anticipation of an increase in the arrival rate, the new
reservation threshold should be (not be) highly reduced if the system is observed without (with) idle agents.

In the following, we further investigate this question.

In Figure|l} we present the evolution of E(Q); and E(Q); over time for different values of ¢ in a situation

10



with 10 agents, identical service rates with pu; = po = 1, an arrival rate of A = 9, and either 9 = 20 or
xo = 10 (i.e., either 10 customers or no customer in the queue). We do not specify the number of class-2
customers in service since it does not impact the evolution of E(Q); when 3 = ps. We want to maintain
the expected number of customers in the queue at below 6.5. The curves are drawn until the objective of
6.5 is reached. For the optimization problem, it is optimal to have ¢ as low as possible, provided that the
expected number of customers in the queue remains below 6.5. In the stationary case, it is optimal to have

¢ =4, which leads to E(Q)e = 6.164 and E(T) = 0.332.
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Figure 1: Evolution of E(Q): and E(Q): (s =10, A=9, u1 = p2 =1, N = 45)

Depending on the horizon of observation, ¢ = 4 is not optimal in the transient regime. In the case
xo = 20 (Figures and [L(D)), the system is initially with too many customers, as E(Q)o = 10 > 6.5.
Therefore, the reservation threshold ¢ should be selected sufficiently high to reduce the expected number
of customers in the queue. As expected, we observe that increasing ¢ reduces the time before reaching
the objective of 6.5. However, any further increase of ¢ above 4 only has marginal effects. For E(Q);, the
objective of 6.5 is reached between 8 and 9 time units for ¢ = 5,6, and 10 (Figure , while for m,

the objective is reached between 30 and 35 time units (Figure [1(b)]). This shows that having ¢ > 4 can be

11



beneficial only during a restricted time interval. Surprisingly, we observe that ¢ = 3 < 4 can be optimal for
E(Q): (Figure . This can be explained by the behavior of F(Q); starting from a congested situation.
We observe that first F(Q); decreases in ¢ reaching a minimal value below its stationary value and later
increases to reach the stationary value. The reason is that all agents are busy in a congested situation,
which leads to the most efficient use of the system capacities and explains why we first observe a decrease
of E(Q); below its stationary value. This observation has also been made for the M/M/s queue (e.g., see
Figure 1 in [7]). For decision making, it means that having the reservation threshold below its stationary
value can be optimal, even if the system is highly congested at time ¢ = 0.

In the case z¢p = 10 (Figures and , the system is initially with no customer in the queue and
all agents busy. We select ¢ = 0, 1, 2 to observe the time to reach the objective of 6.5. Contrary to the case
xo = 20, the sensitivity to c is stronger in this case. This indicates that each threshold ¢ = 0,1, 2 has a large
interval of optimality. It is then advisable to select ¢ as low as possible, provided that the expected number
in the queue does not reach 6.5. These observations are supported by the strong convexity of E(Q); in c,
as proven in Section [5.2

In Figure 2| we provide the optimal reservation threshold for different initial conditions on the number
of customers in the queue xy — s with the objective of E(Q); < 6.5 at time ¢ = 15, 30, and 60 with the same
system parameters as those of Figure|l] We also specify the corresponding value for F(Q); and 10 x E(T);.
The value of E(T), is estimated through puE(Np); — A, where E(Np); is the expected number of busy
agents at time ¢ > 0. These figures confirm the observations made in Figure [l Over a short time horizon
the stationary threshold ¢ = 4 may never be optimal, as in Figure Furthermore, in many cases, even
when xg —s > 6.5, we should select ¢ < 4, while having ¢ > 4 is almost never optimal. For decision-making,
it means that the stationary threshold is in many cases “too safe” for the objective expected queue length.
Given that we observe in Figure[2] that the rate of served class-2 customers is highly sensitive to the selection
made for ¢, it is often advisable over a short time horizon to reserve less agents than what the stationary

results would suggest.

5.2 Monotonicity properties of E(Q); for the approximated model

To support the observations made in Section we provide the transient monotonicity properties of E(Q);
in Theorem [I] for the discrete time model. Although the approximated model can lead to a transient distri-
bution of the queue length that is as close as wanted to the exact distribution (by selecting a high enough

value for N and a low enough value for €), Theorem [1| does not necessarily prove the same monotonicity
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Figure 2: Optimal reservation threshold for E(Q); (s =10, A =9, puy = puo =1, N = 45)

properties for the exact model. For future research, other techniques should be involved to prove the result
for the exact model like sample path arguments [6] or stochastic ordering [20]. It should be noted that we
could define the approximated discrete time model with N = oo, as the maximal event rate is bounded.
However in Theorem [T} we prove the monotonicty properties for N < co in order to be consistent with the
setting of the numerical experiments of Section [5.1}

This analysis is made for the case p1 = po since the complexity of the case pu1 # ps does not allow us
to obtain the desired results. We prove the impact of the system parameters by showing the propagation
of one property from the time instant ¢ to the time instant ¢ 4+ €. Specifically, we show the monotonicity
properties for the quantity Q% = . i pz and Z5' = L:er};, where x is the number of customers present in

=s—c =z

the system, ¢ is the reservation threshold and pf, is transient probability to find & customers in the system.

Recall that the index y does not need to be specified with equal service rates. The equations governing the

13



evolution of the state of the system for the approximated model are as follows:

P =1 = Xe)pl_+ (s —c+ Dpepl_ .11, (9)

Pl =1~ A+ (s —2)p)e)py_y + AePs_yy + (5 — & + pep_pp for 1 <z <e—1,
pfv—:—es = (1 - (/\ + S:U’)e)pgﬂrs + )‘Engrxfl + 3u6p§+x+1 for0 <z <N - 1, and
t+e

PN = (1- SM'S)péJrN + )‘€P§+N717

given an initial condition zg at time ¢ = 0.

Theorem 1. The following holds for the approximated model:
e E(Q); is increasing in \.
e FE(Q); is decreasing and convez in c.
e E(Q); is increasing in x.

The monotonicty in A and ¢ are the same as those proven in the stationary case for the exact model
(e.g., see Theorem 2 in [12]). The convexity of F(Q); in ¢ explains the observations made in Section
according to which the optimal transient reservation threshold should be less than or equal to the stationary
one in most cases. We mention that the convexity in A does not hold as we consider a truncated system
with at most N customers in the queue. In our numerical illustrations in Figure |2 we observed that E(Q);
is convex in xg in addition to being increasing; this is, however, not the case at the beginning of the interval
I as explained at the end of the online appendix.

Some of the results of Theorem (1] can be used for E(T");. With the one-dimensional Markov chain
formulation, E(T); can be estimated through E(T); = uE(Np){ — A\, where E(Np){ is the expected
number of busy servers at time ¢ with reservation threshold c. If we express E(Np)§ as E(Np)§ = (s —
) Z + Z Z°', we deduce that E(Np)t! — E(Np)¢ = 2t — 14 2 (25— Z2% < 0, which

k=s—c+1 k=s—c+1

proves that E(Np)§ and E(T); are decreasing in c. However, E(Np){ and E(T'); are not convex in c¢. This

was also not the case in the stationary regime (e.g., see Figure 3 in [1]).
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A Proof of Proposition

Proof. We first consider Equation in the case z # xg. We introduce a function F(z) for z € C and we

express qz as

qﬁ—/ 2 P(2)dz,
C

where C' is a contour such that there are no boundary contributions arising in the integral from endpoints

of C'. This allows us to use the integration by part and show that :qu = /

2~ @+ F'(2)dz. Equation lb
C

can then be rewritten as
/Cz@“) (=F(2) A1 = 2) + 6] + puF'(2)(1 — z)) dz = 0.
Therefore, F(z) is one solution of the differential equation
—F(2) M1 —=2)+0+ pF'(2)(1—2)=0.

A
Consequently, F(z) is proportional with e»*(1 — 2)~%#. We thus determine two independent solutions of

by selecting two different contours encircling z = 0. We consider the contour C defined as a small circle
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in the z-plane, on which |z| < 1, and Cy which goes from —oo — ie to —oo + ie for € > 0, encircling z = 1
in the counterclockwise sense. These contours define A,(6) and B,(#). Note that for (4] the integrand is
analytic inside the unit circle, as we consider (1 — z)~0/# = |1 — z|_9/“e_i%arg(1_'z), with |arg(1 — 2)| < =,
such that for z € R and z < 1, arg(1 —z) = 0. For , we use the branch (z — 1)_% =|z— 1|_796_i%arg(z_1),
where |arg(z — 1)| < 7, so the integrand is analytic in C — {Im(z) = 0,Re(z) < 1}.

Consider now Equation . We need to determine two solutions of the equation in z, —(A+ 6+ su)z +

A+ spz? = 0. These solutions are z, and z,. We can that 0 < z, < 1 < 2. Consider the case where

s —c < xg<s—1. In this case, we express ¢ as

@® = c1A,(0) + 2B, (0) for s — ¢ < z < xg,
@® = c34,(0) + c4B,(0) for zo < z < s,

@@ = ¢52%° for x> s.

Note that z; is not part of the expression of qg since we cannot have lim qg = 00. We determine cy, ¢, ¢3, ¢y
T—00

and c5 from the boundary equations. These are given by

c1As—c—1(0) + c2aBs—c—1(8) = 0,

c1 A, (8) + ¢2Bug (8) = c3Au, (6) + caBay (0),

Ae1Agy—1(0) + c2Byy—1(0)) — (A + zop + 0)(c1 Az, (0) + c2Bay (0)) + (20 + 1) p(c3Agy41(0) + caBay11(0)) = —1,
AMezAs—1(0) + caBs-1(0)) — (A + sp + 0)cs + spcsza = 0, and

c5 = c3Aq(0) + ey Bs(0).

To express the solutions of this set of equations, we introduce the quantity Wy,,, = A (0)B,—1(0) —

Ap—1(0)By(0). In the case where m = n + 1, Wy 41, is the Wronskian of A, () and B,(#). Using
A
the equation defining A,(f) and B, (6), we find that W11, =

A x+1
A Wo 1. Furthermore, Ag(f) = 1 and A_1(f) = 0. With z = —1, the term in 2~ (**1) is removed in

(z+1)!
eA/u(AY’*l (A)’“ ek/u(i)gfl
the integral defining B_1(6). This allows us to obtain B_;(f) = T‘é) and Wyy1, = (ZH)! F(‘é) .

ILHW(:L«’JU — 1). Therefore, Wyi1, =

After some algebra, we then obtain the solution as in Proposition
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We next consider the case where xop > s. We may write

@ = c14,(0) + 2B, (0) for s —c <z < s,
qz =c3z; "+ ez °for s < <, and

@@ = ¢52%° for x> xo.
The constants c1, o, c3, ¢4 and c¢5 are solutions of

c1As—c—1(0) + c2Bs—c—1(0) = 0,
c1A5(0) 4+ caBs(0) = c3 + c4,

AMe1As—1(0) + c2aBs—1(0)) — (N + sp 4 0)(c3 + ¢4) + spu(czzq + cazp) = 0,

Mezzo—s71 4 6422307871) — (A sp40)e5220 75 + spcsz20 T = —1, and
xro—S Xo—S Xo—S
325" " H 4z’ 0 = 52,0 0.

This system can also be solved and we find the solutions of Proposition O

B Computation of B,(0)

Since

A+ 04+ 2p)Az(0) = NAg—1(0) + (x + 1)pAzy1(6), and

()‘ +6+ xu)Bx(e) = )\B$—1(9) + (.CU + 1)NBJJ+1(9)7

by multiplying the first equation by B,(f) and the second one by A,(f) and next subtracting the two
equations, we deduce a relation for the Wronskian of A,(#) and B,(0), defined by Wy, 1 = A, (0)By—1(0)—
B, (0)Az—1(6). This relation is

(x+ 1) uWai1,4 = AWy 4 for > 0.

()

z!

Therefore, we have Wy, ;1 = Wo,—1 for > 0. Since A_1(f) = 0 and Ag(f) = 1, we have Wy _; =

)
en (2
B_1(0). The expression of B_1(f) can be obtained explicitly. We find that B_;(f) = — M/ This

r(x)
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A x4+ Z—1
o (3)
leads to Wy z—1 = W for x > 0.
Instead of B, (#), consider another solution of the equation defining A,(f) and B.(6), B.(f), such
that B_1(f) = 1 and By(f#) = 0. With these values, A,() and B,(f) are independent. Therefore,
we may write B.(0) = aA.(0) + 8B.(0). Consider now the Wronskian of A,(6) and B,(0) defined as

A T
U, = Az (0)B.—1(0) — Az—1(0)B,(0) for x > 0. We show that U, = 70% for z > 0. Since Uy = 1, we

=

deduce that A, (0)B,_1(0) — Az_1(0)B.(0) = . We then deduce that

o _ )

From this expression, we conclude that

. (A)k
— p
B.(0) = —Az(G)g:lk!Ak(Q)Akl(a) for z > 0.

In the expression of B;(0), the coefficient g is found by replacing by —1. We thus obtain 5 = B_;(0) =

%. The coeflicient a can be expressed as
m
Bm - 73&
o= (92415) (9) for x > 0.
B.(0) r(3) B.(0) _ B.(6) _
We have T~ 7— as ¢ grows large. Therefore, hrn 0 G — 0. We also have ) =

N (%ﬂ) bte

k

A
Z NaERG ;‘ @y For a large value of k, we have Ag(0) ~

ﬁ. As the sum in: (;(9%))2(% ]
( ) =1 kle?rgn !

k
T 2
converges as m tends to infinity, the sum ) k'flk((@;zzkl(@) also converges as x tends to infinity. Thus we
E=1""" -

—~ (=
Tlo|rle

may write

e% ()‘)z 0 (*)k
() e
This leads to
O O)
B.(0) = rZZ) Am(e)kglk%k(a;ﬁlk_l(@)’
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which allows us to estimate By (0).

C Proof of Proposition 2| and computation of the remaining coefficients

Proof. The homogeneous equation in z associated with Equation (6]) is —(A+ 60 4+ (s — y)p1 +yp2)z + A +

(s —y)u122 = 0. For y < s, the solutions are

At (s =y +ype+ 0 — VN + (s — y)pn + ypg + 0)2 — 4 (s — )

Ray = 205 — ) , and
A mymtypa+ 0+ VO (s =y +ype +60)° — A (s —y)
" 2(s —y)m '

If y = s, the homogeneous equation associated with Equation is different. We instead have
—(A+sp2+6)z+ X =0, (10)

with solution ~——2— = limz,,. Note that limz,, = oo. Therefore, we can extend the definition of z,
A+su2+0 y—s Y y—s Y Y

toy =s.

We then may write

s

qz’y — chvyzi;s for y > yo and 0 <y < o,z > 9 — (Yo — y) and
k=y

S
0 r—s T—s r—s
Ay = Z ChyZar T AyoyZaye T CyoyZpy, 080 <y <yo,r < xo— (o — y),
k=y,y7#yo

since 0 < zqy < 1 and z,, > 1. Therefore, for yo +1 <k <sor 0 <y <o,z > 20 — (yo — y), we have

p2(y + 1)23,19 . p2(y + 1)z
= Cky+1
A0+ yps + (s — y)u1)zap — A= (s — Yz, U =) (i (1= 2ak) — p2)

y+1
= Ck,y+1akm7

where ay, = H2%ak - This relation leads to

p1(1=2q,k)—p

[k
0 k—y T—s
q:r,y - Z<y> Qg ckvkza,k ’

k=y

foryp <y <sor0<y<ypand z > xg—yo+y. Finally, for 0 <y <y and x < 29 — (yo — ), we obtain
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in a similar way

S
0 E\ k—y z—s Yo\ yo—y Yo\ gyo—y z—$
Gy= D ( )O‘k ChkZq ) T (y g Vdyo yoZa yo + Byo 0,90 %,y 1

k:y7k7éy0
HQZb,yO
where = ———2¥0 O
Buo p1(1=2b,y0) —H2
Computation of the remaining terms. There remains to determine the constants cop, c1,1, ..., Css,

dyo 40 and ey, 4. Using the initial condition, we obtain

To—S __ zTo—S To—S
E ChyoZak T+ yoyoZa a0 T €yo.y0 % Y0 § : ChyoZak T Cyowoayo and
k=yo+1 k=yo+1

:vo 1—s xo—1—s rog—1—s
A E , Ck,yoZq,k + dyo,y0 Za * €40,50 %y,
k=yo+1

S

ro+1—s zro+1—s
+ (5 —yo)1 E Ck,yoZa,k + Cyo,y0Za,y0

k=yo+1
S S
+ (g0 + Lpz Z Ck yo+1ZZ%H = (At (s —yo)u + yopa +0) Z ChyoZad T CwowoZage | = —1-
k=yo+1 k=yo+1

After simplification, these two equations allow us to express dy, 4, and ey, 4, i ¢y, 4. We obtain

Tro—S
Zb 1 Za Zb
d — Y0 Te 1 4 »Y0 »Y0 and

Y0,Y0 = — )\ rog—s—1 Yo,Y0 2 — P )

b0 a,y0 NZa,yo b,30 a,y0 a,yo

ZG‘?yO ]' c
Yo,Yo 2?07871 Y0,Y0

Zbyo — Za,yo )\Zb,yo

Next, using the boundary conditions at = = s, we can compute ¢, , in terms of ¢, ;. For instance, line y = s

leads to
()\ + O)Cs,s = ,Ull(csfl,sfl + Sascs,s)-

We thus obtain

A+ 0 — saspn

Cs—1,5—1 = Cs,s
M1
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We can compute the ¢y ,’s for yop +2 <y < s — 1 using line y, we get

o = i 3 e (- ()

Ly )

Fap(A+0+ (s —y)pi (1 — z01)) (5) — p2(y + 1)zak (y i 1))

b s — (= D)y + 0+ 0 (5= )1 = 200)).

For y < 9, we proceed in the same way but the relations are more involved. We obtain for 1 <y < yg+1,

s

Cy—1y—1 = Ml_lm > oy W e (—Ml(s —(y— 1))0%( ' )

—1
Lk=yt Lhtyo Y

+arA+ 0+ (s —y)p1 (1 — z4k)) (S) — 12y Dzak (y —kk 1)>
1
TG--Dm

]ICUO>ZJ yo—(y+1) 2 Yo
+ (s— (y— 1) Qg dyoyo | —H1(s — (¥ — 1))ay0 y—1

CyyLyzy (—my(s — (Y — 1))y + A+ 0+ (s —y)pa (1 — z4,9)))

1
T e e (—,ul(s C(-1)8 (yy_o 1)

+By0 A+ 0+ (5 = 1) (1 = 2)) (yyo) ~raly+ Do, <ygf 1>>
1

G- -1ym
1

+ PR 1))Mleyo,yo]ly:yo (—p1y(s — (Yo — 1))Byo + A+ 04 (s — o)1 (1 — 2p4,))) -

dyo o Ly=yo (—11Y(s — (Yo — 1))y + (A +0 + (s — yo)p1(1 — 2zay,)))

With line y = 1, we express co,0 as a function of cs 5. Finally, line y = 0 leads to ¢, s.
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D Proof of Theorem [1I

X
Proof. We want to prove that E(Q); is increasing in A. To this end, we introduce the notation Q% = . > pi:
=s—c
for s —c <z < s+ N. We then rewrite @ in terms of Q; as follows:
QH_E = (1 - (A + (S —c+ 1)“)6) ch + (S —c+ 1)M6ngc+17 (11)
Qfstec—&—a: = (1 - ()‘ + (S —c+x+ 1)#)6) s—c+x + )‘er ctz—1 + (S —c+x+ ]‘)MGQS ctz+1
forl<z<ec-—1,

th—tres = (1 - ()\ + Su)e)ng+s + )\ng+$—1 + 8M6Q2+x+1 for0<az <N — 17 and

Qt+€ _ t -1
s+N = Ws+N T *

Q) _

from A. Therefore, we have —55* = 0 for s — ¢ <2 < s+ N. We assume now that Qm

< 0 and we prove

t+e
thataQTKSOfors—chgs—i—N. We obtain

8Qt+e o t o t " .
_ _ S—¢ _ _vs—crl <
S (1= (A (5= e D)) 30 o (5 — o+ Due 2 — Q! <0, (12)
QZ+Ec+x _ aQs ct+zx 8Qs ctx—1
5 =1-A+(s—c+ax+1)pe—=— B\ + Ae— 3
8ngc+:r+1 t t
s et at DuestE QL — Q) SO, for 1S oo 1,
athj-Es 8Qm+s Qs—l—:p 1 8Q2+x+1
oy = (1= (A Fsp)e) T8 + de—— 28— 4 spe—21=

— (@ — Qho1ys) <Ofor 0<z <N -1, and

00t 0Qhy
N ox 7

which proves the induction step. The expected number of customers in the queue at time ¢ can be expressed
as E(Q): = kgokpi a=N- ]:2_01@2 4~ This proves that %/\Q)t > 0. Therefore, the expected number of
customers in the queue is increasing in A. It should be noted that the same result holds for the expected
number of customers in the system.

We are now interested in the impact of the reservation threshold on the expected number of customers in
the queue. We thus compare the expected number of customers in the queue with reservation thresholds ¢
and c+1 for 0 < ¢ < s. We write p%t instead of pl, to specify the reservation threshold under consideration.

The initial condition is such that x¢g > s — ¢, otherwise the two systems cannot be compared. We define
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s+N
75t = kz pz’t and Al = Z&TH _ 75t We prove by induction on ¢ that Al <Ofors—c<xz<s+N.At
=
t = 0, we have Ag =0for s—c<z <s+ N. We now show the induction step. From @, we deduce that
i+ )t
Z3 =20 =1, (13)
ZEH, = (1= (A4 (5 — e+ D)) Z! gy + AZ iy g + (5 — cH @)Ll _pypyy for LSz <c—1,

s—c+x

Z;’fie =1-\+ Su)e)ZC’er + )\eZsCix_l + suengHl for0<x <N -1, and

xT

e & it
Z;_N =1-\+ 8u)e)Z§+N + )\6Z86+N_1.
Therefore, we obtain

A =1 =M+ (s—c+a)p)e)AL + AeAL_; + (s —c+a)ueAl ; <0for 1 <z <c,

ALFE = (1 — (A + sp)e) AL + NeAL | + speAl,;, <0for s <z <s+ N —1, and

ANy = (1= (A +sp)e) Ay y + AeAl vy <0,

Consider now the term at x = s — ¢. We have

Pt = (1= Xe)pSlo+ (s —c+ Dpepl .1, and
]'7 17 17 17
P T = (1= (A + (s — e e" + Aepit 2t + (s — ¢+ D)peps ol

Therefore, we deduce that
Aitf: = (1 - ()‘ + (8 - C)H)E)Al;—c + (S - C):U’GAZ—C—I—I + AEAI;—C—I - (S - c)ﬂepg’ic <0.

s+N
This proves the induction step. Therefore, E(Q); = >_ Zg’t is decreasing in c.
k=s+1
We now prove that E(Q); is convex in c¢. We consider a reservation threshold ¢ such that 0 < ¢ < s—2.
We want to prove that ZST30 + 75t — 27570 > 0 for ¢ > 0 and s — ¢ < 2 < s+ N with an initial condition

such that xy > s—e¢, otherwise the comparison cannot be made. At ¢ = 0 we have Z§+2’O+Z§’O—2Z§+1’O =0.
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Next, we show the induction with

+2,t+€ Jt+e +1,t4€ +2.t+€ ,t+e +1,t4€
ZANT H ZOIN 220N = (L= (A sp)e) (Z§+N + 29N 220N )

c+2,t+e€ c,t+e c+1,t+e€
+ Ae(Zs-‘,—N—l + Z5+N—1 - 2Z3+N—1 ) > 07

Z§+2’t+€ + Z;”H'E N QZ;H—LH_E — (1 _ ()\ + sy)e)(Z§+2’t + Z;’t _ 22;—&-1,15)

FA(ZE 4 280 =22 b spe(ZE - 20 225 > 0for s <@ < s+ N -1,

ZO 20, 220 = (L= (N (s — et o) (2 0, + 20 — 2200

s—c+x s—c+x

+2,t ,t +1,t +2,t ,t +1,t
+ AE(ZE—c+x—1 + Zg—c—i—a:—l - 2Z§—c+x—1) + (8 —c+ $)M6(Z§_C+x+l + Zsc—c+x+l - 2Z§—c+x+l) 2 0

forl<z<ec-1.

We now consider the term x = s — ¢. We have

c+2,t+e€

2, 2, 2,
P = (1= (V4 (s — mepi s + Aepe 2t + (s — e+ Dpeptt 2y,
p?’fﬁe =(1- )\e)pg’fc +(s—c+ 1),uep§’fc+1, and

1,t4¢ 1, 1, 1,
Pt T = (1= (A4 (s —))epste’ + Aepilyt + (s — e+ Dpepst oty

We then deduce that

ZEFBRE 4 ZEE 97t — (1 (A (s — )e) (Z2 4 250, — 225 ) 4 (s — )pe 2

s s—c
+2,t ;b +1,t +2,t ,t +1,t
+ )‘G(Zg—c—l + Zsc—c - 2Z§—c—1) + (S - C)MG(Z§_0+1 + Zg—c—i—l - 2Z§—c+1)‘

c+2,t c,t c+1,t c+2,t c,t c+1,t c+1,t t,c+2
We have (s— c),ue(ZSfCJrl +Z 1 QZsch) > 0. Moreover, Z,_' "+ 2" —2Z " =2p =Pl —

1 )
pgtifz, ngc =1, and ngf_tl + ngc — 2Zscirc’_t1 = —pzfzf? Therefore, we may write

(L= (A4 (s — u)e) (ZEF24 4 284, — 225F 1Y) 4 (s — e Zet, + Ae(Z5724 4 258, — 22714

s—c—1 s—c—1
1.t tc42 2.t 1t tc42
> (1 - (2)‘ + (8 - C)M)E)(sz_c_l - psfc—l - pg—c—Q) + )‘6(2]92—0—1 - psfc—l)

> (1= (2A+ (s — p)e) (22t 4 78t —27¢ 1) L ae(Z42t 4 768 — 275t 1Y) > .

This proves that ZSt2!T¢ 4 701 _ 974 LIH€ > 0. The expression of E(Q); indicates that E(Q); has the

same convexity property as the Z.’s.

The proof of the monotonicity property of Z¢ in x¢ is direct from by comparing two systems with
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initial conditions x¢ and xqg + 1. O

E The expected number of customers in the queue F(Q); is not convex
in x,

We write E(Q);° instead of E(Q); to specify the initial state z¢ for the expected number of customers
in the queue at time ¢t > 0. From the proof of Theorem |I, we may relate E(Q);}, and E(Q);° via
EQ)f, = B(Q)7* + (25" - Z;:iN) — speZL,. At time t = 0, we have E(Q)§° = max(zo — s,0) and

Zg’o = 14>4,. Therefore, for the first iteration we have

B(Q)2* + B(Q)F —2B(Q) ™ =0 for s —c <o < s — 2,
E(Q)? + E(Q)P —2B(Q)F = Xe > 0 for wp = s — 2,

E(Q)*™? + B(Q)™ —2E(Q)* ™ =1 — (A + su)e > 0 for zg = 5 — 1,
E(Q)*"? + BE(Q)?* — 2B(Q)2°"! = spe > 0 for zp = s,

E(Q)*™2 4 B(Q)* —2E(Q)* ™ =0for s <z9 < s+ N — 2, and

B(Q)™ " + B(Q)* —2B(Q)*™ = —Xe< 0 for 29 =5+ N — 2,

which shows that the convexity in xy does not hold due to the boundary state.
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